This paper examines the well know day of the week effect on stock returns. Various approaches have been developed and applied in order to examine calendar effects in stock returns and to formulate appropriate financial and risk portfolios. We propose an alternative approach in the estimation of the day of the week effect. More specifically we apply fuzzy regressions with triangular membership function in four major stock market index returns. We expect that if the day of the week is valid, then the Monday returns should be negative or lower than the other days of the week and in addition Friday returns should be the highest. The main findings and results are mixed and based on the fuzzy regression we conclude that there isn't the day of the week or the Monday effect. Specifically, we find a reverse Monday effect in S&P 500, a negative Friday effect in FTSE-100, a positive Tuesday effect in NIKKEI-225 and no effects in DAX index. The specific approach is appropriate as fuzzy logic regression is appropriate and able to capture the impressions and nonlinearities in finance and human behaviour, which are main characteristics in financial industry. Furthermore fuzzy regression avoids the classification of dummy variables to values of one and zero, as we do in the traditional statistical and econometric methodology
Introduction
Many researches and papers have been written in order to examine and to test the day of the week effect. The findings among these researches are mixed. Aggarwal and Tandon (1994) found that negative returns are presented in thirteen out of sixteen countries, but these are statistically significant in only seven countries. Lakonishok and Smidt (1988) found that there is a tendency for higher returns in the last trading day of the week and negative statistically significant returns ate presented on Monday. Draper and Paudyal (2002) find that Monday returns are negative and generally the returns of the other four days of the week are significantly higher. Onyuma (2009) examined the NSE 20 Index of Kenyan Stock Market and he found that Monday and Friday present the lowest negative and highest positive returns respectively. Alagidede (2008) rejects the day of the week effect in Egypt, Kenya, Morocco and Tunisia, but he finds higher positive returns on Friday in Zimbabwe. Some other studies present the same conclusions (Mills and Coutts, 1995; Arsad and Coutts, 1997) On the other hand the finding of other studies is that there is a Tuesday effect, rather Monday effect (Aggarwal and Rivoli, 1989; Mills et al. 2000; Marquering, et al., 2006) . On the contrary in other research studies, as those of Sullivan et al. (2001) , who applied bootstrap snooper and Giovanis (2009) who applied bootstrapping simulated tstatistics hypothesis tests, the day of the week effect is rejected among other calendar effects. Furthermore Monday effect probably is eliminated, because the reductions in the transaction costs allowed institutional investors to gain profit from the Monday anomaly (Kamara, 1997) . More recent studies found a shift in the weekday pattern, where average returns on Monday were not longer negative, but researchers found positive and significantly different average returns on Monday than the other weekday returns (Mehdian and Perry, 2001; Pettengill, 2003) .
All the studies we mentioned as also the most researches which have been written in the subject of the calendar anomalies use as main tools statistical and econometrical approaches, from parametric and non parametric test hypotheses to regression models, as ordinary least squares and GARCH estimations. Since 1990 new approaches entered the research field of economics and finance, which is the artificial intelligence, as neural networks and fuzzy logic, among others, which is more appropriate for data mining techniques. The last mentioned techniques have been applied in stock prediction, but very rare in calendar anomalies. In this paper we apply fuzzy regression in order to capture the imprecision, a phenomenon which is strong in the finance investing behavior and to examine if actually there is the day of the week effect in the stock returns we examine. On the other hand there are academicians still working with probabilities and most of them which are not experts in artificial intelligence reject fuzzy logic, before they even test it or examine it, because they adopt the belief that finance and economics deal only with probabilities. Most of them have never traded according to the models they teach, as the financial traders who work in real and everyday applications use technical analysis or artificial intelligence. Moreover GARCH or OLS models are failed especially in forecasting. Additionally Sharpe symmetric or asymmetric beta models, Capital Asset Pricing Model (CAPM), Arbitrage Pricing Theory (APT) and financial derivatives are not useful and not practicable in real finance and have been failed for two reasons. Firstly, the formulation of this model might not be correct and secondly and most significant is the econometric estimation methods followed.
The structure of this paper has as follows. In the section 2 we present the methodology for GARCH, fuzzy-GARCH regressions and the bootstrapping regression simulation procedure. In section 3 we provide the data structure and the stock market indices we examine. In section 4 the estimation results are provided. Finally, section 5 incorporates brief conclusions of our findings.
Methodology

Regression specification for the day of the week effect
The stock returns are defined from the following equation.
For the day-of-the week effect we apply the following model:
,where R t is defined as in the relation (1), dummy variable D 1t takes value 1 if returns are on Mondays and 0 otherwise , continuing at the last dummy variable D 5t which takes value 1 if returns are on Fridays and 0 otherwise and ε t is the disturbance term.
We obtain the autoregressive term R t-1 in (2) to correct for possible noncyhronous trading.
GARCH models
Because the data are daily and so are of high frequency we expect that ARCH effects exist. Applying ordinary least squares we confirm this assumption. We don't present the results as the estimations are biased and not reliable. Furthermore we must decide if we should estimate with symmetric or asymmetric GARCH models. Based on asymmetric test (Engle and Ng, 1993) as also based on Log-Likelihood statistic and the information criteria of Akaike, Schwarz and Hannan-Quinn we conclude that asymmetric GARCH models are more appropriate. We estimate two models for each case the GJR-GARCH and E-GARCH models (Glosten et al., 1993; Nelson, 1991) . We present only one of the two above asymmetric GARCH models and the choice is done based again on Log-Likelihood statistic and the information criteria we mentioned previously. The mean equation for the asymmetric GARCH model estimations remains the same as in (2). But the variance equations vary between them. The variance equations for GJR-GARCH (1,1) and E-GARCH (1,1) models are presented in relations (3) and (4) respectively. 
Fuzzy regression
On the contrary with equation (2), which is actually a crisp regression, the fuzzy regression, which allows for inexact relationships between input and output, the deterministic equation (2) is modified as (Papadopoulos and Sirpi, 1999) :
, where A 1 -A 6 are the fuzzy parameters or numbers, L i are the fuzzy variables, and R t , R t-1 are crisp variables defined as previously. On the contrary with other researches where the dependent variable is fuzzy and so we have fuzzy interval estimations, our analysis is based to the fuzzification of the dummy variables representing the trading weeks to show the weakness of the classification of one and zero dummy variables which leads to misclassification errors. First we have to define the fuzzy rules. Based on the theory or empirical researches Monday presents negative or lower returns than the other days of the week, while Tuesday, Wednesday and Thursday present higher returns than Monday but lower than Friday and finally Friday presents the highest returns. Based on these assumptions we define the following linguistic fuzzy rules.
If stock returns are on Monday, then we expect that the returns are negative or the lowest than the other trading weekdays.
If stock returns are on Tuesday, Wednesday and Thursday, then we expect that the returns are higher than Monday returns and lower than Friday returns.
If stock returns are on Friday, then we expect that the returns are positive and highest than the other trading weekdays.
The triangular functions for dummy variables D i are defined by relation (6) The final estimated regression is equation (3), where the fuzzy dummy variables are defined by L i. We estimate asymmetric fuzzy GARCH regressions and the choice between EGARCH and GJR-GARCH, is based on the same criteria as with the crisp GARCH estimations.
Bootstrapping Regressions
In order to get more reliable results we apply bootstrapping simulated regressions in both methodology approaches we examine. The steps for bootstrapping regressions are: a) We draw a random resample of t observations, which t is equal with the data set, from the estimated residuals ε t of regression (2) and for example with EGARCH estimation. We call this sample ε t * b) We compute the new values of R t using sample of the residuals. It will be: 
Empirical Results
In tables 1 and 2 the estimated regressions results with asymmetric GARCH and asymmetric Fuzzy-GARCH are respectively reported. Based on EGARCH(1,1) we observe that the day of the week effect exist in S&P 500 index, as Monday returns are negative and the highest and positive returns are presented on Friday, as well as on Wednesday. The respective Fuzzy-EGARCH estimation shows that the highest and positive returns are reported on Monday followed by Tuesday and the highest negative returns are presented on Thursday followed by Friday and then on Wednesday.
However it should be noticed that Thursday returns are statistically insignificant. This shows that actually we found a reverse Monday effect.
For the FTSE-100 stock index we found also the Monday effect based on asymmetric GJR-GARCH estimation, where returns only on Monday and Friday are statistically significant with Monday returns to be lower than those of Friday. On the other hand based on the estimations of asymmetric fuzzy GJR-GARCH model, we conclude that only Friday returns are statistically significant, with negative average returns. Additionally in both estimations ARCH effects are not eliminate as also we reject the null hypothesis of no-autocorrelation in GARCH estimation. In Fuzzy-GARCH regression we accept the null hypothesis of no-autocorrelation in α=0.01.
The next stock index we examine is DAX. Based on the bootstrapping asymmetric GJR-GARCH model, statistically significant returns are reported on Monday, Wednesday and Thursday, with positive returns presented in all days, and the highest returns are reported on Monday. So, a first conclusion is that Monday or the day of the week effect is rejected in the case of DAX stock index, where we found actually a reverse Monday effect. On the other hand in fuzzy regression and table 2 we observe that all coefficients are statistically insignificant indicating that there is not pattern in DAX index.
The last stock index we examine is NIKKEI-225 index, where based on asymmetric EGARCH bootstrapping estimation statistically significant returns are presented only on Wednesday, which are positive while according to fuzzy EGARCH bootstrapping regression, only Tuesday presents significant and positive returns. So in both cases we reject the day of the week effect. Also we should mention that ARCH effects and autocorrelation are not eliminated in the case of S&P 500 with EGARCH estimation and we reject autocorrelation only in α=0.01, while these problems are rejected in α=0.01 and α=0.05 with fuzzy regression.. A quite similar situation is presented in FTSE-100, where the specific problems are not eliminated in any statistical significance level, while with fuzzy regression we accept the null hypothesis of no autocorrelation in α=0.01 level. So based on these results, fuzzy regressions are able to eliminate ARCH effects and to solve for autocorrelation, so for this reason we prefer fuzzy than the crisp regressions.
The main conclusion is that according to fuzzy estimations, we reject the Monday effect in all cases. More specifically the DAX market is an efficient market, based always on the Monday or the day of the week effect pattern only, where there isn't a specific day in which the returns are statistically significant. Moreover there is a reverse pattern in S&P 500 index, where you can sell on closed Friday prices and buy on Monday, while there is a pattern in FTSE-100, where you can buy on Friday and sell any other weekday. Finally, the pattern in NIKKEI-225 is to buy on Tuesday. 
Conclusions
We examined the well known day of the week effect with two methodologies.
Asymmetric GARCH estimations with crisp dummy variables and asymmetric fuzzy GARCH models with fuzzy dummy variables. We applied bootstrapping simulations in both procedures in order to solve and improve the data mining problem. According to fuzzy regressions we found a reverse Monday effect in the case of the S&P 500 index, while we found only negative returns on Friday for FTSE-100 and positive returns on Tuesday for NIKKEI-225. Finally we found that the returns in DAX index are all insignificant. Generally a fuzzy regression with bootstrapping simulation exceeds the problems of the traditional procedure of crisp categorization of one and zero and we are able to set up an efficient data mining technique, as also fuzzy procedure is able to solve for ARCH effects and autocorrelation. Furthermore finance and economics are behavioral sciences so fuzzy and artificial intelligence are more able to capture nonlinearities and imprecision. Additionally we propose to combine GARCH and fuzzy logic, which means that we combine probabilities with possibilities. Of course before anyone draw rush conclusions it is necessary to understand the meaning of possibility and how the combination of possibilities and probabilities outperform the estimating procedures where we obtain only one of them and to fully understand the fuzzy procedure or neural networks and genetic algorithms before he or she make any attack or insult.
